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The topological morphology–order of zeros at the positions of electrons with respect to a specific
electron–of Laughlin state at filling fractions 1/m (m odd) is homogeneous as every electron feels
zeros of order m at the positions of other electrons. Although fairly accurate ground state wave
functions for most of the other quantum Hall states in the lowest Landau level are quite well-
known, it had been an open problem in expressing the ground state wave functions in terms of flux-
attachment to particles, a la, this morphology of Laughlin state. With a very general consideration
of flux-particle relations only, in spherical geometry, we here report a novel method for determining
morphologies of these states. Based on these, we construct almost exact ground state wave-functions
for the Coulomb interaction. Although the form of interaction may change the ground state wave-
function, the same morphology constructs the latter irrespective of the nature of the interaction
between electrons.
PACS numbers: 73.43.-f
Strong correlation between electrons in the two dimen-
sional electron systems subjected to perpendicular mag-
netic field creates non-trivial topological orders [1] that
are manifested through distinct fractional quantum Hall
effect (FQHE) states [2]. The state at ν = 1/m (m odd)
is very accurately described by the Laughlin wave func-
tion [3] that has unique and uniform topological struc-
ture, i.e, every electron feels zeros of order m at the posi-
tions of all other electrons. Similar microscopic topolog-
ical structures for other FQHE states [4–7] in the lowest
Landau level have not been achieved, due to complex
form of the wave functions. We here aim to reveal the
morphologies that define topological structures, of most
of these states. We show that the morhology of a state
is as fundamental as its ground state wave function.
If a fractional quantum Hall effect state occurs at
the number of flux quanta Nφ for a system of N elec-
trons, the corresponding wavefunction (ignoring ubiqui-
tous Gaussian factors in disk geometry) will be a poly-
nomial of order Nφ with respect to any electronic co-
ordinate ξj = (xj − iyj) and the sum of the exponents
on all coordinates in each term of the polynomial will
be the total angular momentum M = NNφ/2. As sug-
gested [3] by Laughlin, the polynomial in such a case
may be expressed in terms of a Jastrow form [8] f(zij)
with zij = ξi − ξj , and the exponent m of any zij deter-
mines the order of zeros at the position of j-th electron
felt by i-th electron and vice versa. In a Laughlin wave-
function, the exponents are same for all zij (i < j) and
this homogeneous exponent (m) describes filling factor
ν = 1/m. We thus define “morphology” of this state as
M(N)1/m = [λ1, λ2, · · · , λN−1] where λk = m represents or-
der of zeros felt by any electron at the positions of other
electrons and suffix k labels (N−1) zeros for any specific
electron. This morphology that provides the relation be-
tween flux and particles, Nφ = m(N − 1) is derived from
the wavefunction. In the following paragraph, we demon-
strate an inverse approach: morphology is obtained from
the flux-particle relation (FPR) at which the incompress-
ible ground state occurs in a spherical geometry [9], and
followed by the determination of the wave function for
the ground state.
The FQHE state at ν = 1/3 corresponds [10] to
Nφ = 3N − 3. If N = 2, Nφ = 3 and hence we write
corresponding morphology as M(2)1/3 = [31] which imme-
diately suggests the wavefunction Ψ
(2)
1/3 = z
3
12. If N = 3,
Nφ = 6 and hence we write corresponding morphol-
ogy as M(3)1/3 = [31, 32] that suggests the wavefunction
Ψ
(3)
1/3 = z
3
12z
3
13z
3
23. In general, Nφ = 3N − 3 corresponds
to the morphology M(N)1/3 = [31, 32, · · · , 3N−1] and hence
we obtain Laughlin wavefunction [3] Ψ1/3 =
∏N
i<j z
3
ij
which is inevitable for this particular FPR. In this letter,
we demonstrate that this principle determines morphol-
ogy and hence ground state wave function of any FQHE
state with filling factors ν = n/(2sn± 1), where n and s
are integers.
The FQHE state at 2/5 occurs for the FPR [11],
Nφ = (5/2)N − 4 and so N must be even. For N = 2,
Nφ = 1 and hence M(2)2/5 = [11]. If N increases by 2, Nφ
increases by 5. The additional five zeros will be shared by
the positions of two new particles in two possible ways:
4 and 1 or 3 and 2. However, the former possibility is
ruled out as 2/5 state is obtained by reducing flux from
1/3 state in which exactly three zeros are situated at the
positions of the particles. Therefore, the corresponding
morphology for N = 4 is given by M(4)2/5 = [11, 22, 33]
(Fig.1). Reducing 2 from each of the elements in M(4)2/5,
i.e., factoring out the morphology M(4)L,1/2 = [21, 22, 23]
corresponding to bosonic Laughlin state at half filling
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FIG. 1: Graph for N = 4 at ν = 2/5. The filled circles
with associated numbers represent different electrons at the
vertices of the graphs. Links between vertices represented
by dashed, solid, sinusoidal, and wiggly lines correspond to
exponents 1, −1, 3, and 2 respectively on the link variable zij .
The graph at the left panel representing M(4)2/5 = [11, 22, 33]
is equivalent to the direct product of M(4)L,1/2 = [21, 22, 23]
(graph at central panel) and M¯(4)2/5 = [(−1)1, 02, 13] (graph at
right panel).
represented by the Jastrow factor
∏4
i<j z
2
ij , we find the
reduced morphology as M¯(4)2/5 = [(−1)1, 02, 13], as shown
in Fig.1. M¯(4)2/5 = [(−1)1, 02, 13] provides the functional
form z12z34z
−1
23 z
−1
14 . Since the electrons are indistinguish-
able, all possible permutations of the positions of elec-
trons at the vertices of Fig.1 need to be considered.
With all six possible permutations, we obtain the wave-
function for 4-particle 2/5 state as
Ψ
(4)
2/5 =
4∏
i<j
z2ij [z12z34
(
z−113 z
−1
24 + z
−1
14 z
−1
23
)
+ z13z24
× (z−114 z−123 − z−112 z−134 )− z14z23 (z−112 z−134 + z−113 z−124 )](1)
Since only one graph (see Fig.1) is possible for M¯(4)2/5, the
corresponding wave function should be the only possible
wave function and therefore must be the exact ground
state wave function, no matter what the form of in-
teraction is as long as it produces an incompressible
state. Indeed, in a spherical geometry [12] with zij ≡
uivj − viuj where spherical spinors uj = cos(θj/2)eiφj/2
and vj = sin(θj/2)e
−iφj/2 for the spherical co-ordinate
systems 0 ≤ θj ≤ pi and 0 ≤ φj ≤ 2pi, Ψ(4)2/5 is found to
be the exact Coulomb ground state.
The indistinguishable nature of electrons demands ad-
dition of all these six terms with appropriate sign due to
fermionic nature of electrons for constructing antisym-
metric many body wave function (1). The individual
zeros of all these terms are at the positions of the par-
ticles. But all the zeros of Ψ
(4)
2/5 are not at the positions
of the electrons: When all but one electron coordinate,
say ξ1, are kept fixed, the zeros are at ξ2, ξ3, ξ4, (ξ3z24 +
ξ4z23)/(z23 + z24), (ξ3z24 + ξ2z34)/(z24 + z34), (ξ4z23 −
ξ2z34)/(z23−z34); three zeros of first order are at the po-
sitions of three electrons and the other zeros have moved
from the particle positions. This shifting of zeros from
particle positions is consistent with previous numerical
study [13] using composite-fermion wave function in a
spherical geometry. Note that each of the six terms in
Eq. (1) corresponding to six permutations has identical
topological structure, i.e., all of these interpret that each
electron feels zeros of one third order, one second or-
der, and one first order at the positions of other three
electrons. However, the order of zeros at the position
of an electron felt by other electrons may vary from one
through three. Although mutually felt order of zeros be-
tween two electrons is same in each term, these may vary
between these six terms.
If we further increase two electrons, the additional five
vortices will be accommodated in the morphology by in-
creasing two elements of which one will be 2 and the
other will be 3, i.e., M(6)2/5 = [11, 22, 23, 34, 35]. After re-
duction of 2 from each of the elements, the reduced mor-
phology will be M¯(6)2/5 = [(−1)1, 02, 03, 14, 15]. With this
M¯(6)2/5, We can draw three topologically distinct graphs
(unlike M¯(4)2/5 where only one graph is possible) which are
shown in Table-I. Each of these graphs provides an anti-
symmetric function when all the possible permutation
of the electrons at the vertices of the graphs are taken
into account. Out of these three possible functions, only
two are linearly independent and thus a linear combina-
tion of these two independent functions will describe the
ground state wave function. Indeed, a linear combina-
tion of these two functions has more than 99.97% over-
lap with the exact Coulomb ground-state. The number
of topologically distinct graphs increases with N , but for
convenience, we consider only a few suitable graphs yet
producing very high overlap [15] with the exact Coulomb
ground state when we make a linear combination of the
antisymmetric wave-functions constructed from each of
them. The similar details for N = 8 and 10 are tabu-
lated in Table-I.
The FPR for an incompressible ν = 2/3 state is
[14] Nφ = (3/2)N for even N . The morphology for
N = 2 is given by M(2)2/3 = [31] as Nφ = 3. For
every increase of 2 electrons, number of flux quanta
increases by 3 and thus two new entries in the set
of morphology will be 2 and 1. Therefore, M(4)2/3 =
[31, 22, 13], M(6)2/3 = [31, 22, 23, 14, 15] etc. Factoring out
the morphology corresponding to bosonic Laughlin state
M(N)L,1/2 = [21, · · · , 2N−1], the respective reduced mor-
phologies become M¯(4)2/3 = [11, 02, (−1)3] and M¯(6)2/3 =
[11, 02, 03, (−1)4, (−1)5]. Note that M(4)2/3 = M(4)2/5 and
hence M¯(4)2/3 = M¯(4)2/5. Therefore, Ψ(4)2/3 = Ψ(4)2/5 which is
expected as they both correspond to same number of elec-
trons and flux quanta. Three distinct graphs (Table-II)
can be constructed for M¯(6)2/3, out of which two produce
lineraly indepenedent functions. A linear combination of
the wave functions obtained for these two graphs pro-
3TABLE I: The reduced morphology M¯(N)2/5 after factoring out
M(N)L,1/2 from original morphology M(N)2/5 at ν = 2/5 for dif-
ferent N and 2Q. The graphs are based on M¯(N)2/5 where filled
circles with associated numbers represent different electrons
and each of the dotted(solid) line in the graphs represents ex-
ponent 1(−1) on the link variable zij between vertices i and
j. The Roman numerals label the graphs and the numbers at
the bottom of each graph represents relative weight factors in
their linear combination forming a wave function ΨN2/5, which
enable us to obtain maximum overlap O of ΨN2/5 with exact
Coulomb ground state. The numbers within parenthesis of
O represents Monte Carlo uncertainty in the last digit. The
functions obtained from the right-most graph for N = 6 is
not considered as it is not linearly indepnedent.
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duces almost exact ground state wave function. Table-II
further shows the reduced morphologies for N = 8 and
10 electrons at ν = 2/3 and the corresponding minimum
number of possible graphs whose contributions lead to
construct almost exact ground state wave functions.
Table-III shows reduced morphologies at ν = 3/7 and
3/5 for N = 3, 6 and 9 with their respective FPR [14]
Nφ = (7/3)N − 5 and Nφ = (5/3)N + 1. Only one graph
is possible for N = 3 in each case and therefore the
corresponding morphologies construct the exact states,
irrespective of the interaction. The wave functions con-
TABLE II: Same as described for ν = 2/5 in Table-I replacing
ν by 2/3.
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structed here is identical at ν = 3/7 and 3/5 for N = 9 as
they correspond to identical morphology that is expected
due to the fact that both the states correspond to same
number of flux quanta. We find that certain linear combi-
nation of the constructed wave functions from the graphs
produce almost exact ground state of the Coulomb inter-
action.
In general, morphology for an N -electron
system at ν = 2/5 will be M(N=2p)2/5 =
[11, 22, 23, · · · , 2N/2, 3N/2+1, · · · , 3N−1], where p
is an integer. The morphology for ν = 2/3
whose FPR is Nφ = 3N/2 is obtained as
M(N=2p)2/3 = [31, 22, 23, · · · , 2N/2, 1N/2+1, · · · , 1N−1].
Similarly, the morphologies for ν = 3/7 and
3/5 are obtained respectively as M(N=3p)3/7 =
[11, 12, 23, · · · , 22N/3, 32N/3+1, · · · , 3N−1] and
M(N=3p)3/5 = [31, 32, 23, · · · , 22N/3, 12N/3+1, · · · , 1N−1].
Based on these morphologies, the constructed wave-
functions are shown to be almost exact up to N=10. We,
thus, expect that these prescribed general morphologies
will also be correct for any number of electrons. The
exact ground state wave function may depend on the
nature of the interaction, but the morphology of a given
state will remain invariant; the actual wave-function will
4TABLE III: Same as described for ν = 2/5 in Table-I replac-
ing ν by 3/7 and 3/5.
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be the interaction-dependent different linear combina-
tions of the antisymmetric functions obtained from the
topologically distinct graphs of a particular morphology.
Therefore, the morphology defines topology of a given
FQHE state. We note that the overlaps are slighly less
than 100% due to the following reasons: (i) We have
considered only two or three linearly independent graphs
instead of taking all the possible linearly independent
graphs for the same morphology; (ii) One morphology
may not describe the exact ground state fully, for
instance, the Laughlin wave function with a definite
morphology is not [16] an exact ground state for the
Coulomb interaction. The tiny difference from the exact
ground state wave function is for a negligible part due to
other morphologies that can be obtained by the method
of partitions [17].
TABLE IV: Comparison of relative weight factors of the
graphs tabulated in Tables I and II for obtaining maximum
overlap of the constructed wave functions [15] with the exact
ground state of Haldane pseudo potential V1 and Coulomb
potential VC . Clearly, the ground state depends on the inter-
action potential, but topological structures remain universal.
ν N 2Q V Weight factors Overlap
(i) (ii) (iii)
6 11 Vc 1.0 -0.6928 0.9998(1)
V1 1.0 -0.7058 – 0.9994(1)
2
5
8 16 Vc 1.0 -0.7733 – 0.9997(1)
V1 1.0 -0.8107 – 0.9955(1)
10 21 Vc 1.0 0.9259 0.5857 0.9982(1)
V1 1.0 0.8885 0.4866 0.9927(2)
6 9 Vc 1.0 0.4304 – 0.9999(0)
V1 1.0 0.3375 – 0.9999(0)
2
3
8 12 Vc 1.0 0.0343 – 0.9999(0)
V1 1.0 0.0494 – 0.9999(0)
10 15 Vc 1.0 0.0195 -0.3341 0.9946(2)
V1 1.0 0.0144 -0.5162 0.9919(2)
The topological structure of a given fractional quantum
Hall effect is universal as we find that it depends on the
graphs that can be constructed from one principle that
every electron feels equal or unequal order of zeros at the
positions of other electrons with the constraint that they
all feel same set of order of zeros. Different linear com-
binations of the constructed wave functions from these
graphs produce almost exact ground state wave functions
for different interaction potentials. In Table-IV, we show
a comparison of weight factors of different graphs for
Coulomb interaction VC and Haldane-pseudopotential [9]
V1 in the linear combination of the wave functions that
give rise to almost exact ground state wave functions for
both the interactions.
The morphologies of general filling factors ν = n/(2n+
1) and n/(2n− 1) for same n are closely related as they
are interchangeable by the transformation 1k → 3k and
vice versa. As n increases, the number of entries of 2 in
the set of morphology increases as (n− 1)[N/n− 1] and
the difference between the number of entries of 1 and 3
becomes N/n−n when more number of 3’s (1’s) occur in
ν = n/[2n+ 1] (n/[2n−1]). Because of this symmetry in
morphology, certain properties of these states are iden-
tical and the microscopic difference in morphology leads
to certain different properties: Quasparticle charges are
different while identical number of magneto-roton min-
ima in their collective modes [18–20]. Considering the
symmetries of the entries in the set of morphology, the
filling factor ν = 1/2 through which these two sequences
of filling factors are analytically continued for large n,
5will have equal number of 3’s and 1’s and that amounts
to
√
N − 1 numbers of 1’s and 3’s, and N − 2√N + 1
number of 2’s as N = n2 in this case. Indeed, the re-
lation N = n2 is consistent with the composite fermion
picture in spherical geometry for studying ν = 1/2 with
finite number of electrons [21]. If we generalize morphol-
ogy from ν = n/(2n + 1) to ν = n/(2sn + 1), the el-
ements in the set will renormalize as 3k → (2s + 1)k,
2k → (2s)k, and 1k → (2s − 1)k. Further general-
ization for ν = n/(2sn − 1) can be made by changing
(2s+ 1)k → (2s− 1)k, (2s− 1)k → (2s+ 1)k and keeping
(2s)k fixed. Neutral excitation at angular momentum L
can be obtained by removing L zeros for only one particle
from a morphology, as previously has been studied [22]
for Laughlin state.
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